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ABSTRACT: We generalize the reptation model to treat cases where the N segments of the primitive
chain can interact with a static environment (such as a gel). The rates of tube segment renewal are
calculated taking into account both an external field and local interaction energies. This model can be
used, e.g., to study the migration of polymers in a random environments (where local entropic and elastic
effects can play a role). We then present a study of polymer reptation in a tube with a random (annealed)
energy landscape, similar to the one described by Lumpkin and Zimm. In particular, if an external field
is applied, the predictions of the biased reptation model are modified. We find that for low field intensities,
the electrophoretic mobility µ scales like 1/N1+R where the exponent R g 0 increases with the strength of
the random energies.

1. Introduction

The original reptation (or tube) model of de Gennes1
and Doi and Edwards2-5 was developed to understand
the diffusion of linear polymers (e.g., polystyrene) in
dense systems such as melts or gels. In this model, the
disengagement time of a primitive chain made of N
segments (tube sections) is predicted to scale like τ ∼
N3 since the chain essentially undergoes a one-dimen-
sional random-walk inside a three-dimensional topologi-
cal tube of length L ∼ N. The diffusion coefficient is
then given by D ∼ (Rg)2/τ, where Rg ∼ Nν is the radius-
of-gyration of the polymer and ν is Flory’s exponent.
Since the excluded volume effects are screened in a melt,
one has ν ) 1/2, and the reptation model predicts D ∼
1/N2 (for N . 1), a relation that has been tested
extensively both experimentally6 and in computer simu-
lations7. In a gel, on the other hand, one would expect
ν ) 3/5 because of the absence of screening, and the
model then predicts the slightly weaker dependency D
∼ 1/N9/5. Lodge and Rotstein8 measured the diffusion
coefficient of linear polystyrene in poly(vinyl methyl
ether) gels using dynamic light scattering and found
that D ∼ 1/N 2+R, with R ) 0.7-0.8, an exponent that
certainly does not agree with the predictions of the
reptation model.
One possible explanation for large (positive) values

of R was suggested by the computer simulations of
Baumgartner and Muthukumar.9,10 These authors
showed that when the mean “pore” size aj of a quenched
random medium (not a melt) is comparable to Rg, the
polymer molecule prefers to reside into the largest pores
of the system (a > aj = Rg) to maximize its entropy. Since
these pores are connected by narrower channels of width
a < Rg, the long-range motion of the polymers is through
a hopping process where the channels act like “entropic
barriers”. The physics of this problem is similar to that
of a particle moving in a system with a rough energy
landscape.11,12 The diffusion coefficient D then de-
creases very quickly with molecular size N; scaling
arguments based on an energy barrier model in fact
predict that the dependence should be exponential
instead of power law.13 However, if we fit simulation
data with a power law (which often provides a good fit
because the range of polymer molecular sizes accessible

by computer simulations is fairly narrow), we find that
the exponent R increases from about 1 - 2ν e 0 (for
periodic arrays of obstacles) to values exceeding 1/2 for
very disordered environments.13,14 Entropic trapping
has therefore been invoked to explain anomalous dif-
fusion data8 showing large values of R. Recent computer
simulations have demonstrated that entropic trapping
disappears when the gel fibers stop forming a percolat-
ing cluster that limits the long-range diffusion of the
polymer.14

Gel electrophoresis (GE) of polyelectrolytes is usually
described by either the Ogston17 or the biased
reptation18-20 model. For low electric fields, the Nernst-
Einstein relationship µ/D ∼ N+1 should be satisfied,
where µ is the electrophoretic mobility. Using the
reptation relation D ∼ 1/N(N + 1), this relationship
predicts µ ∼ 1/N in this limit, a prediction of the biased
reptation model (BRM) that is in excellent agreement
with a large body of experimental results for DNA
GE.18-20 Note, however, that large electric forces tend
to bring the system far from equilibrium; both µ and D
then become strongly field dependent while their mo-
lecular-size dependence is greatly reduced (this is due
to the alignment of the molecule along the field direc-
tion). Not surprisingly, the Nernst-Einstein relation
is violated under such conditions.21 Experimental re-
sults from Calladine et al.22 and Arvanitidou et al.23
have shown that the low-field electrophoretic mobility
of DNA molecules can decrease as fast as µ ∼ 1/N3 for
intermediate DNA sizes. Mayer et al.24 found a 1/N1.6

dependence for small DNA molecules. More recently,
Rousseau et al.25 reported the results of a detailed study
of the low field polyacrylamide gel electrophoresis of
single-stranded DNA sequencing fragments. These
authors observed regimes where µ ∼ 1/N(1+R), with 0 e
R e 0.4, when the field intensity was lower than about
30 V/cm and the gel concentration larger than about 3%.
High gel concentrations and low field intensities are
required to observe finite values of the exponent R. All
of these results do not agree with the 1/N law predicted
by the standard BRM.
However, entropic trapping of entire polymer chains

in a large void is not the only possible explanations for
the results reported above. Indeed, large values of R
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were observed in ref 14 even when Rg . aj. Many
authors have claimed that local interactions also play
an important role in polyelectrolyte (such as DNA or
sulfonated polystyrene) gel electrophoresis or polymer
diffusion in quenched disordered media. In this article,
we provide a mathematical approach to incorporate local
interactions in the reptation model, a first step toward
the development of a tube model that can tackle such
questions.
Zimm and Lumpkin (ZL) recently developed a new

reptation model to explain such anomalous reptative
behavior.26 These authors modeled the GE of macroions
in an irregular matrix using a modified BRM where the
chain interacts locally with the matrix. Their analysis
indicated that the electrophoretic mobility does indeed
decrease much faster than 1/N for intermediate-sized
molecules if the local interaction are large enough. In
the zero-field limit, ZL’s analysis predicted that D(N)
becomes an exponential function of the molecular size
N. In a subsequent article, Lumpkin27 developed a
different model describing the diffusion of the chain in
a random matrix without external field as a discrete
Ising-like jump process. His model predicts the usual
reptation-like inverse-length dependence of the diffusion
constant in the absence of a field.
The ZL model is a coarse-grained one which only

considers chain hopping over length scales comparable
to hx ) h‚Ê, the component of end-to-end vector h of
the chain in the field (E) direction (x). Since it is not
clear how to interpret the ZL model in terms of
microscopic displacements of (mean) length aj, it is hard
to determine which of the results are intrinsic to the
model, and which might be an artifact of the coarse-
graining procedure used in the calculation.
In the following sections, we develop a new math-

ematical approach, also based on the biased reptation
model (but also valid in the zero field limit), to study
the dynamics of long polymers in irregular matrices. We
use stochastic equations for first-passage problems to
calculate the exact expressions for the mean duration
of the discrete jumps (of length aj) and the directional
bias of these jumps in order to generalize the discrete
reptation model of Doi and Edwards.2 Our model differs
from that proposed by Zimm and Lumpkin in that the
distance migrated by the polymer during the “hopping
process” is given by aj (which is much smaller than hx),
the natural length scale of the reptation model. We
then use our model to study the limit where the
correlation length of the matrix energy parameter g is
shorter than aj, such that the local energies associated
with the reptation segments are uncorrelated (the limit
originally studied by ZL). Our results are fundamen-
tally different from those of ZL. Finally, we discuss
different local energy models and their relevance for
practical problems.

2. The Reptation Model

2.1. The Standard Reptation Model. The gel (or
static gellike structure) in which the polymer migrates
may be seen as a cage restricting the conformations the
polymer can access. Indeed, the three-dimensional
matrix formed by the gel fibers constitutes a set of
topological constraints1-5,13,28 that cannot be crossed by
the polymer. A very long polymer can then be repre-
sented by a chain moving along the longitudinal axis of
an imaginary tube. In practice, the polymer is modeled

as a “primitive” chain ofN effective “reptation segments”
of length aj which are not allowed to bend away from
the tube axis. In the absence of electric forces (E ) 0),
the motion of a polymer is due solely to random thermal
motion. The dynamics of the primitive chain in the
standard reptation model is characterized by two
assumptions: (a) the primitive chain and the tube have
a constant contour length L ) Naj; (b) the only allowed
motion for a primitive chain is along the tube axis. We
will keep these assumptions for our generalized repta-
tion model. Thus, the motion of the primitive chain can
be represented by a series of discrete displacements, or
“jumps”, of length aj (Figure 1). A jump by the chain
toward either end of the tube is equally probable due
to the randomness induced by the thermal fluctuations
and the (mean-field) homogeneity of the matrix. This
is indeed the approach taken by Doi and Edwards in
their seminal papers.2-5 Note that since the BRM
reduces to the standard reptation model in the zero-
field limit (E f 0), the main predictions of the reptation
model are given in the next section in terms of the BRM.
For the same reason, the calculation of the new jumping
rates and local biases (section 3) is done for the BRM,
and the E f 0 limit will be taken later when required.
2.2. The Biased Reptation Model. In the frame-

work of the BRM, the electric field E ) Ex̂ leads to a
net force acting on the polyelectrolyte chain along its
tube axis (the transverse component of the total force
QE plays no role because of the rigid-tube assumption).
As shown by Slater, Rousseau and Noolandi,29 the mean
duration and the biased probability of a discrete “jump”
of length aj can be obtained by comparing the displace-
ment of the chain in the tube to the diffusion of a
particle halfway between two absorbing walls separated
by a distance 2aj (Figure 1). The completion of a discrete
jump by the chain simply corresponds to the absorption
of the pointlike particle by one of the walls. In other
words, the chain moves in its tube in response to
Brownian motion (with a curvilinear diffusion constant
Dc∼ 1/N, as in the Rouse model since the hydrodynamic
interactions are screened by the gel) as well as to the
field-induced drift (with an instantaneous curvilinear
velocity Vc ∼ hxE). We replace this continuous motion
by biased jumps of constant length aj. It is actually the
lack of intratube degrees of freedom that allows us to
replace the primitive chain by a pointlike object to
determine its basic dynamical properties. However, one
must keep track of the long-time memory effects that
are typical of reptation dynamics, especially if a field is
applied.
In the BRM, the probabilities of jumping toward the

( end of the tube (the + and - ends are defined

Figure 1. Tube model and its equivalent one-dimensional
pointlike particle problem. An elementary jump of length aj is
completed when the particle is absorbed by one of the walls.
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arbitrarily; see Figure 1) are given by29

where the conformation-dependent bias factor δ(hx) is
given by

and the scaled electric field intensity ε is defined as

with q ) Q/N being the electric charge of one reptation
segment. The mean first-passage time required to jump
over a distance aj (in either direction) is given by29

where τB ) aj2/2Dc ∼ N is the Brownian time necessary
for the diffusion of the chain over a curvilinear distance
aj when ε ) 0. The second moment is given by21

The probability that the new (jumping) end-segment will
assume a new orientation Θ(t) between Θ and Θ + dΘ
(0 e Θ e π) with the field axis is18,29

We note that if the field is turned off (ε ) 0), we obtain
P(Θ) dΘ ) 1/2 d[cos(Θ)], as expected for an isotropic
system.18,29 Using these equations, we can model poly-
electrolyte GE (for ε > 0) or normal reptation (for ε )
0) using computer simulations or analytical calculations.
Let us now review some of the fundamental analytical

results of the reptation model. In the zero-field limit (ε
f 0), we can calculate the diffusion coefficient using the
Doi and Edwards approach2 to obtain

where Rcm(t) is the position of the center of mass at time
t and Dc ) aj2/2τB ∼ N-1. (Note that the result D ∼ (4N
+ 1)/(4N2) found in ref 2 is incorrect due to several minor
mistakes in the derivation.) For low field intensities (0
< ε < 1), approximate analytical expressions for the
electrophoretic velocity V(N,ε) and the diffusion coef-
ficient D(N,ε) can be obtained from the BRM. The
velocity first decreases like 1/N, then goes through a
shallow minimum, and finally reaches a plateau value
for large molecular sizes N. More precisely, one gets
the following scaling laws:18,21,29

The diffusion coefficient (in the field direction) decreases
successively like N-2 and N-1/2, goes through a broad
maximum, and finally reaches a plateau value for large
molecular sizes. A detailed analysis of the BRM dem-
onstrates that the relevant scaling laws are21

The BRM thus predicts that the nonlinear effects
invalidate the Nernst-Einstein relation when N > Nd
= ε-2/3, i.e. before the mobility is affected (which occurs
only for N > ε-2 > Nd).
Note that it was recognized a few years ago that the

orientation process assumed by the biased-reptation
model is not appropriate for flexible polyelectrolytes. For
the latter, the orientation term used in the BRM is
indeed dominated by another term arising from the
coupling between the fast fluctuations in the chain end’s
(curvilinear) positions and the local chain orientation.
The resulting model is called the biased reptation with
fluctuations (BRF) model.30-32 In this article, we follow
the original BRM in order to compare our finite-field
results with those obtained by Zimm and Lumpkin. The
effects of the fluctuations (for flexible polyelectrolytes)
and orientation coupling (for stiff polyelectrolytes) are
left for future investigations.
2.3. The Random Fluctuation Model. In the

reptation theory, each pore of the gel (i.e., each segment
of the primitive chain) is assumed to be energetically
equivalent. For certain applications, this assumption
may actually be invalid. For instance, if the polymer
moves in a narrow, curved space, either the macromol-
ecule must bend, the gel must deform, or both must
occur. Each of these cases requires energy and can lead
to local energetic effects. Similarly, one may have direct
interactions between the fibers and the segments of the
polymer (e.g., random electric charges on the gel fibers
may lead to local repulsive or attractive forces). As
mentioned in section 1, local entropic effects may also
affect the dynamics of long reptating polymers in
inhomogeneous systems.
For the specific exemples treated in Section 4, we will

closely follow the basic elements of the ZL local energy
model26. We thus assume that the energy gi (in units
of kBT) associated with pore i (i ) 1, ...,N) remains fixed
as long as a primitive segment occupies it. This
assumption is probably valid for a stiff gel. We further
assume that the correlation length of the matrix is

V(N,ε) = aj
τB
ε

3
∼ N-1E, Nε2 < 1

) shallow minimum, N ) Nmin = 14/ε2 (8)

= aj
τB
Nε3

9
∼ N0E3, Nε2 . 14

D(N,ε) = Dc
1

3(N+1)
∼ N-2 E0, N < Nd ≡ 1.68 ε-2/3

= Dc
εx2N
3x3π

∼ N-1/2 E, Nd < N < ε
-2

(9)

= Dc
Nε2

9
∼ N0 E2, N > ε

-2

) broad maximum, N ) Nmax =

28 ε-2 = 2Nmin

p((hx) ) 1
1 + exp[-2δ(hx)]

(1)

δ(hx) ) ε
hx
aj

(2)

ε ) qEaj
2kBT

(3)

t((hx)
τB

)
tanh[δ(hx)]

δ(hx)
(4)

t(
2(hx)

τB
2

)

1
δ2(hx)

[tanh2[δ(hx)] - sech 2[δ(hx)] +
tanh[δ(hx)]

δ(hx) ] (5)

P(Θ) dΘ ) 1
2

ε

sinh(ε)
sin(Θ) dΘ eε cos(Θ) (6)

D(N,εf0) ) lim
tf∞

〈[Rcm(t) - Rcm(0)]
2〉

6t

)
Dc

3(N+1)
∼ 1
N(N+1)

(7)
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shorter than the segment length aj of the reptation tube
so that there is no correlation between the various gi’s.
Note also that we implicitly treat an annealed gel since
we keep no memory of the energy of a pore once the
chain end segment has left it. The very interesting
cases of quenched and correlated gels will be treated in
another article. The distribution function w(gi) for the
random local energies gi is a Gaussian function with a
zero mean and a standard deviation g

In practice, we cut the Gaussian beyond 2g in order to
avoid exceedingly large trapping times. Note that the
results do not depend strongly on the choice of the
truncation cutoff because the distribution function
decays very quickly for gi > 2g.
As described previously, the motion of the chain inside

the tube can be modeled as the diffusion of a particle
between two absorbing walls (see Figure 1). The one-
dimensional space of the particle problem is equivalent
to the curvilinear tube axis (not the field axis). Thus,
when the particle is absorbed by the + (or -) “wall”,
the chain has effectively completed a jump toward the
+ (-) end of its tube (Figure 1). The effect of the electric
field can be described in term of a longitudinal (or
curvilinear) drift velocity, Vc, which can be obtained
from a potential function U as Vc ) -∇U/ê, where ê ∼
N is the curvilinear friction coefficient of the polymer.
We can write this equation in terms of scaled variables
such that vc ) -∇u (with vc ) VcτB/aj and u ) U/2kBT).
For a constant and uniform electric field (including ε

) 0), the effect of the local free energies gi is represented
as a random perturbation of the local (wall) potentials
u( (Figure 2). The new values of u( are simply the sum
of two terms: the electric potential (-δ defined in eq 2)
and a random energy term. We can thus write

where ∆g( is the net change of the chain’s total free
energy gtot ) ∑igi during a jump of length aj in the (
direction. Note that we assume the potential u(x) to be
linear between the initial position and the “wall” (Figure
2); this simplified assumption can easily be changed to
study other models. When the chain completes a jump

in the ( direction, the - end tube segment disappears
while a new tube segment is created at the ( end of
the tube. Since all the internal chain segments slide,
the net energy difference comes solely from the two ends
(there is no net change in energy elsewhere along the
chain). Therefore, ∆g( is actually the difference in
energy between the new tube section that is created and
the old tube section that is destroyed, and we expect it
to scale like ∆g( ∼ N0. This local energy model (Figure
3C) is clearly not a “barrier model” where each segment
would have to overcome a local potential barrier (Figure
3A); in this situation, gtot (∼N) would actually be the
energy ∆g( required for the displacement of the poly-
mer. In the barrier model, the chain thus requires much
more energy than in the local energy model, and the
different scaling laws for ∆g( imply that the effect will
be qualitatively as well as quantitatively different. In
ZL’s article,26 the coarse-graining approximation ef-
fectively led to ∆g( ∼ N1/2; as we will see in section 4,
this explains why our results differ.
The mean first-passage time and the probability that

the particle (chain) will first reach a given wall (end of
the tube) can be derived using stochastic methods (more
precisely, the Fokker-Planck equation). We can also
calculate the second moment of the first passage time
to evaluate the diffusion coefficient of the polymer
during the electrophoresis process with the same method.
With these expressions, one can describe the details of
the motion of a polyelectrolyte inside an irregular matrix
during electrophoresis or in the absence of an electric
field (normal diffusion).
2.4. First Passage Time Statistics. The Fokker-

Planck equation33 can be written as

where p(x,t|x′,t′) is the (conditional) probability density
that a particle will be at position x at time t given that
it was at position x′ at a previous time t′. The initial
condition is simply

The probability current for a stationary process, J(x,t|x′,t′),
is defined as

Figure 2. Pointlike particle in an external field and in the
presence of disorder. The net potential u(x) is shown for g ) 0
(dashed line) and g > 0 (solid line). The walls are at x+ > 0
and x- < 0.

w(gi) ) 1

x2πg2
exp[-

gi
2

2g2] (10)

u( ) -δ +
∆g(

2
(11)

Figure 3. Two possible energy models. (A-B) A potential
barrier of height gi is present between each “pore” and the
chain must overcome a potential barrier of total height gtot)∑gi
∼Ng in order to move. (C-D) The chain slides on a rough
energy landscape. The change of energy when the chain moves
over a distance aj is given by ∆g ) g(4′) - g(1) ∼ N0g here.

∂t p(x,t|x′,t′) + ∂xJ(x,t|x′,t′) ) 0 (12)

p(x,t′|x′,t′) ) δ(x - x′) (13)
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where A(x) is a drift velocity and B(x) is a diffusion
coefficient.
Let us now use the Fokker-Planck equation to study

the dynamics of a particle initially at position x, such
that R e x e â. The total probability for this particle to
exit through position R after time t is given by the time
integral of the probability current at R. We thus define
this probability by

where the negative sign is needed since the current is
to the left. Similarly

is the total probability for the particle to exit through â
after time t. The probability that the particle exits at
a time TR > t, given that it exits through R, is

Since the system is stationary, we can write

Using the fact that p(R,t|x,0) satisfies the backward
Fokker-Planck equation,33 we have

If G(x,t) is the probability that T g t, the mean of any
function of T is calculated as

Thus, the mean exit time for a particle initially located
at x, given that the exit is through R, is

Integrating eq 19 with respect to t from 0 to ∞ results
in

where we defined the probability of exit through R as
pR(x) ) pR(x,0). The boundary conditions for this equa-
tion are straightforward since they follow from those of
the backward Fokker-Planck equation, namely

In the first term, 〈T(R,R)〉 is zero (the time to reach R
from R is zero) while in the second term, pR(â) is zero
(the probability of exiting through R, when starting from
â, is zero). One can then solve eq 22 by using eq 21 for
the mean exit time, given that the particle starting at
x exits through R

Similarly, the mean exit time, given that the particle
starting at x exits through â is

where ψ(y) is defined as

One can also solve for the mean square exit time 〈T2〉
using eqs 19 and 20 given that the particle initially
located at x exits through R

Similarly, if the exit is through â

To calculate the probabilities of exiting through the two
end-positions, we need the boundary conditions

as well as the normalization condition

Equation 19 is to be solved in the limit t f 0 (with
J(R,0|x,0) ) 0 for R * x). The probabilities that the
particle will exit through x ) R and x ) â, respectively,
are then given by

J(x,t|x′,t′) ) A(x)p(x,t|x′,t′) - 1
2
∂x[B(x)p(x,t|x′,t′)] (14)

pR(x,t) ) -∫t∞ dt′ J(R,t′|x,0)
) ∫t∞ dt′ {-A(R)p(R,t′|x,0) +

1
2
∂R[B(R)p(R,t′|x,0)]} (15)

pâ(x,t) ) ∫t∞ dt′ {A(â)p(â,t′|x,0) -

1
2
∂â[B(â)p(â,t′|x,0)]} (16)

prob(TR > t) ) pR(x,t)/pR(x,0) (17)

p(R,t|x,0) ) p(R,0|x, -t) (18)

A(x)∂xpR(x,t) + 1
2
B(x)∂x

2pR(x,t) )

- ∫t∞ dt′ ∂t,J(R,t′|x,0) ) J(R,t|x,0) ) ∂tpR(x,t) (19)

〈f(T)〉 ) - ∫0∞ f(t) dG(x,t) (20)

〈T(R,x)〉 ) - ∫0∞ t ∂t prob(TR>t) dt ) ∫0∞ pR(x,t)

pR(x,0)
dt

(21)

A(x)∂x[pR(x)〈T(R,x)〉] + 1
2
B(x)∂x

2[pR(x)〈T(R,x)〉] )

-pR(x) (22)

pR(R)〈T(R,R)〉 ) pR(â) 〈T(R,â)〉 ) 0 (23)

〈T(R,x)〉 ) 2[ 1
pR(x)
∫xâ dy

ψ(y) ∫Ry
dy′ψ(y′)pR(y′)

B(y′)
-

∫Râ dy
ψ(y) ∫Ry

dy′ψ(y′)pR(y′)
B(y′) ] (24)

〈T(â,x)〉 ) 2[∫Râ dy
ψ(y) ∫Ry

dy′ψ(y′)pâ(y′)
B(y′)

-

1
pâ(x)
∫Rx dy

ψ(y) ∫Ry
dy′ψ(y′)pâ(y′)

B(y′) ] (25)

ψ(y) ) exp{∫Ry dx′
2A(x′)
B(x′) } (26)

〈T2(R,x)〉 ) 4[ 1
pR(x)
∫xâ dy

ψ(y) ∫Ry
dy′ pR(y′)T(R,y′)ψ(y′)

B(y′)
-

∫Râ dy
ψ(y) ∫Ry

dy′ pR(y′)T(R,y′)ψ(y′)
B(y′) ] (27)

〈T2(â,x)〉 ) 4[ -1
pâ(x)
∫Rx dy

ψ(y) ∫Ry
dy′ pâ(y′)T(â,y′)ψ(y′)

B(y′)
+

∫Râ dy
ψ(y) ∫Ry

dy′ pâ(y′)T(â,y′)ψ(y′)
B(y′) ] (28)

pR(R) ) 1

pR(â) ) 0
(29)

pR(x) + pâ(x) ) 1 (30)

pR(x) )
∫xâ dyψ(y)

∫Râ dy
ψ(y)

pâ(x) )
∫Rx dyψ(y)

∫Râ dy
ψ(y)

(31)
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Using the equations derived in this section, together
with the BRM, we can now model the electrophoresis
of polyelectrolytes and the normal reptation of polymers
in irregular matrices.
These equations actually generalize the approach

taken in ref 29. We can obtain the probability for
jumping toward the ( end of the topological tube in a
uniform electric field (or (wall in our particle-between-
walls analogy) from eqs 26 and 31 in terms of the scaled
potentials u(,

where R)-1 and â)1 (uniform pore sizes), the scaled
drift coefficient is

and the (uniform) scaled diffusion coefficient b(x) ) 2.
The equations for the mean first passage time 〈T((1,0)〉/
τB and for 〈T2((1,0)〉/τB2, which generalize eqs 4 and 5,
are given in Appendix A for this particular limit.
For the case g ) 0 (u( ) -δ), eqs 1, 4 and 5 are

recovered (where t((hx) ) 〈T((aj,0)〉 and t(2(hx) )
〈T 2((aj,0)〉). Furthermore, for the case where g ) 0 and
R * -â, we recover the equations derived by Rousseau.34
Therefore, our equations are very general and reduce
to all known special cases.

3. Methodology of the Simulations
In sections 3 and 4, we apply our generalized repta-

tion equations to the specific random energy model
described in section 2.3. We thus assume that the pores
have a uniform size aj (which implies that the tube has
a constant length Naj). This model cannot be solved
exactly if both the effects of the external field ε and the
random interaction energies gi are present. Therefore,
our study will rely mostly on computer simulations.
These simulations are very efficient, except for large
values of g, since one then encounters very large
jumping times t( which make it difficult to reach the
steady-state. Because we use an annealed spatial
energy distribution, the simulation does not have large
memory requirements.
Since the polymer is assumed to take a random

conformation when loaded into the gel during real
diffusion or GE experiments, the chain is first created
as a three-dimensional idealized freely-jointed random
walk primitive chain where each step has a uniform
length aj. In our simulation program and for the rest
of this article, we use aj ) 1 and τB(N ) 1) ) 1 for the
length and time scales (note that we then have τB(N) )
N × τB(N ) 1) ) N). An important aspect of this
computer simulation is the absence of a predefined grid
or lattice which would limit the chain motion to specific
directions. Once the chain is created, with each seg-
ment energy gi (i ) 1, 2, ..., N) selected according to the
distribution function eq 10, the following procedure is
used to simulate the sequence of discrete jumps.
(a) First, we calculate the polymer’s end-to-end dis-

tance, hx, and the bias parameter δ ) hxε/aj.
(b) Next, the random energies (noted g0 and gN+1 at

this stage) of the two possible new tube sections are

generated (following the truncated Gaussian distribu-
tion function, eq 10). Following this, the values of ∆g(
are calculated as ∆g+ ) gN+1 - g1 and ∆g- ) g0 - gN
since during a + (-) jump the i ) 1 (i ) N) tube segment
will be lost while the i ) N + 1 (i ) 0) segment will be
created. With δ and these values, we calculate the
scaled potentials u( using eq 11.
(c) From the values of u(, the probability of jumping

toward the +end of the tube, p+, is calculated using eq
32. We then compare p+ with a random number
between 0 and 1 to choose the curvilinear direction (+
or -) of the next step.
(d) Once the direction is known, we calculate the

mean duration t+ (or t-) and the variance ∆t+2 (or ∆t-2)
of the jumping process (see Appendix A) as well as the
angular direction Θ of the new tube section (according
to eq 6). Note that the angles Θ are assumed to be
independent of the energies gi.
(e) The chain is then moved in its tube in the selected

(() curvilinear direction. The current time is increased
by t+ ( ∆t+ for a forward jump, or by t- ( ∆t- for a
backward jump (the ( in front of the standard deviation
is selected randomly). We finally update the energy
vector as well as the position vector.
This cycle is repeated until the steady-state is reached

(this may require millions of iterations if g is large).
Therefore, the simulation must be much longer than the
transient period during which the chain explores the
distribution of total energies gtot. The duration of this
transient period depends strongly on the local interac-
tion energy parameter g. We then calculate the elec-
trophoretic velocity V and/or the diffusion coefficient D
(in the field direction) of the polymers as

where the 〈...〉 averages are over ensembles of identical
molecules. The diffusion coefficient in the two trans-
verse directions has not been studied. The diffusion
coefficient can only be obtained if a large number of
identical chains are simulated simultaneously. This
consequence of the lack of self-averaging of D sometimes
imposes a heavy burden on the simulations. It should
be mentioned that the steady-state time tssV for V is
shorter than that (tssD) for D (refer to Figures 4 and 5).
The electrophoretic mobility µ is defined as µ ) V/ε. The
time, velocity, and diffusion coefficient are given in units
of τB(N ) 1), aj/τB(N ) 1) and aj2/τB(N ) 1), respectively.
As an example, Figure 4 shows a log-log plot of the

mean position 〈x(t)〉 vs time t for 1000 polymer molecules
of size N ) 50 with a field ε ) 0.05 and an energy
parameter g ) 6.0. After a transient period that
extends to t ) tssV = 108, we find a slope of 1, indicating
that a steady state has been reached. The steady-state
velocity is V ) 5.57 × 10-8. The gaps found for t < 107
are due to chains getting trapped in regions where the
local energies are very low such that t( >> t (i.e. the
jumping time exceeds the current time). A steady state
is reached when the current time is larger than the
longest jumping time t((g) for the given system (in this
case, the local free energy traps are renormalized to an

p( ≡ p(1(0) )
[e2u- - 1]

u-

u(
[e2u( - 1] + [e2u- - 1]

(32)

a(x) ) u- x e 0

) -u+ x g 0
(33)

V ) lim
tf∞

d〈x(t)〉
dt

D ) 1
2
lim
tf∞

d
dt
[〈x2(t)〉 - 〈x(t)〉2] )

1
2
lim
tf∞

d
dt

〈(x(t) - 〈x(t)〉)2〉 (34)
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effective friction coefficient on such log-log plots).
Figure 5 shows the variance 〈∆x2〉 ≡ 〈x2〉 - 〈x〉2 vs time
t for the same population of polymer molecules. The
variance increases very quickly for times t < 109.5, which
thus defines the diffusion steady-state time tssD ≈ 109.5.
For times 5 × 107 < t < tssD, we observe that 〈∆x2〉 ∼
t1.3(0.1; this case of superdiffusion is due to the very
broad distribution of jumping times t(. Although the
time dependence of the mean displacement and variance
(or dispersion) during the short-time transient phases
are interesting in themselves, they will not be studied
in the following. For t > tssD, a slope of 1 is found and
the steady-state diffusion coefficient is estimated to be
Dx ) 4.55 × 10-7 in this example. Note that since the
angular directions Θ of the new tube sections are not
coupled to the energies gi, the conformational properties
of our polyelectrolytes are identical to those predicted
by the BRM.

4. Results

4.1. Testing the Algorithm. We first verify that
our simulations, when used without local energies (g )
0), give the same results as the standard BRM.21 The
test results are shown in Figures 6 and 7, where the
electrophoretic velocity V and the diffusion coefficient
D are plotted against the number of segments (N) of
the macroions for different scaled electric field intensi-
ties ε. One can clearly see that V ∼ ε/N for small
molecules, while the velocity plateaus to a value V =

ε3/9 for larger polymers. The behavior of the diffusion
coefficient (in the field direction) shows three distinct
regimes: for small molecules, we observe the zero-field
value D ∼ 1/N(N + 1); for large polymers, the diffusion
coefficient D plateaus; between these two regions, the
diffusion coefficient is first proportional to εN-1/2 and
then goes through a broad maximum. The points give
the simulation results while the solid lines were ob-
tained as described in Appendix B. There is good
agreement between the simulation results and the
numerical results of the approximate theoretical calcu-
lation21 (solid lines), especially for low field intensities.
4.2. The Diffusion Coefficient in the Zero-Field

Limit. In the absence of an electric field (ε ) 0), the
motion of the polymer is solely due to the random
thermal motion through the gel and we get D(N,ε )
0)∼1/N(N + 1) for the tube model, as given by eq 7.
When we take into account the effects of the local energy
fluctuations, we find that the average first-passage time
(eq A1 of Appendix A) required to jump over a distance
aj is given by

Figure 4. Mean position 〈x〉 vs time t for an ensemble of 1000
molecules. The parameters are N ) 50, ε ) 0.05 and g ) 6.0.

Figure 5. Variance 〈∆x2〉 as a function of time t, for the case
described in Figure 4.

Figure 6. A log-log plot of the electrophoretic velocity V vs
molecular size N for the g ) 0 case. The solid lines come from
the reptation theory (Appendix B), and the points are the
results of computer simulations.

Figure 7. A log-log plot of the diffusion coefficient vs
molecular size N for the g ) 0 case. The solid lines come from
the reptation theory (Appendix B), and the points are the
results of computer simulations.

t((ε f 0)
τB

) (-1 + exp(2∆g() - 2∆g(

2∆g(
2 ) (35)

Macromolecules, Vol. 31, No. 1, 1998 Reptation Dynamics 187



It is easy to show that 〈t(/τB〉g1.0 for an unbiased
distribution of energy differences ∆g(. Of course, this
means thatDg < Dg)0. Figure 8 shows relative diffusion
coefficient Dg/Dg)0 as a function of size N for g ) 2.0,
4.0, 5.0, and 6.0. As we can see, the diffusion coefficient
decreases very quickly when the energy parameter g
increases. The D ∼ 1/N(N + 1) scaling law appears to
be preserved (in agreement with Lumpkin’s model27),
although small deviations are observed for short poly-
mers. The range of these small deviations increases
with g. These deviations comes from the fact that the
local energies lead to correlated jumps of the chain
(consecutive jumps in the same direction are less likely
if g > 0), thus changing the scaling law for the tube
disengagement time to τ ∼ N3+â, with â > 0 (results not
shown). This subtle effect of tube memory is lost if
coarse-graining is used. We also note that this effect is
found only for small molecular sizes and that the
standard reptation scaling law τ ∼ N3 is recovered for
large sizes. The results found here are fundamentally
different from those of Zimm and Lumpkin,26 who
observed that the N-dependence of the diffusion coef-
ficientD(N) changed from a power law to an exponential
when g was increased. The main reason for this is
related to the fact that our model describes the motion
of a polymer chain in a system with uncorrelated
annealed disorder. We believe that the results of ref
26 effectively correspond to correlated disorder with a
correlation length λ ≈ |hx| because of the mathematical
method used by these authors. Here, the local energies
effectively increase the viscosity of the environment and
mainly reduce the magnitude of the diffusion coefficient.
4.3. The Electrophoretic Velocity in an Irregu-

lar Matrix. Figures 9 and 10 show log-log plots of the
electrophoretic velocity V vs the size of the polymer (N),
for energy parameters g ) 1.0 and 5.0, respectively, as
well as for different field intensities ε. Figures 11 and
12 give the corresponding relative electrophoretic veloci-
ties Vg/Vg)0. One of the main effects of the local free
energies for low field intensities and/or small polyelec-
trolytes is a large decrease of the velocities. This can
be explained by the fact that while the minimum
duration for a jump is zero (e.g., if the local energies
and net electric forces favor a quick jump), there is
essentially no maximum when a polymer finds itself

trapped in a region of the matrix where the local
energies are low. When we increase the value of the
local free energy parameter g, we increase the depth of
these local traps and, consequently, we decrease the net
electrophoretic velocity. For very large molecular sizes

Figure 8. A log-log plot of the relative diffusion coefficient
Dg*6N(N + 1) as a function of the molecular size N. Horizontal
lines are shown to demonstrate that the scaling D ∼ 1/N(N +
1) is conserved for long chains.

Figure 9. A log-log plot of the electrophoretic velocity V vs
molecular size N for the g ) 1.0 case.

Figure 10. A log-log plot of the electrophoretic velocity V vs
molecular size N for the g ) 5.0 case.

Figure 11. A semilog plot of the relative velocity Vg)1.0/Vg)0.0
vs molecular size N. The values of Vg)0.0 were calculated as
described in Appendix B.
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N and/or electric field intensities ε, the ratio Vg/Vg)0
always reaches unity (Figures 11 and 12) because the
electric forces then completely dominate the local ener-
gies g.
An understanding of the competition between the

electric and interaction forces can be reached using
simple scaling arguments. Short polymers (N < 14/ε2
) Nmin) remain unoriented and keep their random-walk
statistics with hx ∼ N1/2; this gives u( ≈ εN1/2 + ∆g(/2,
where ∆g( ∼ N0g. If the first term dominates the
second one in this expression, the random energies
become irrelevant and the electrophoretic velocities
reach normal (g ) 0) values (Figures 11 and 12). The
transition size N* where both terms in u( are of equal
magnitude is thus given by N* ∼ (g/ε)2, with the
restriction that N* < Nmin. Our data (Figures 11 and
12) confirm this scaling law and give N* ≈ 2 (g/ε)2. This
transition has a very important impact on the minimum
mobility found at Nmin ) 14/ε2 when g ) 0. While the
velocities remain unaffected for N > N*, they decrease
substantially for N < N*. Since N* < Nmin, this shifts
the minimum mobility to a size Nmin(g) < Nmin(g ) 0).
More importantly, however, this makes the minimum
much deeper. This was also observed by Zimm and
Lumpkin. As a consequence, it produces a very strong
“band inversion”, where larger polymers move much
faster than smaller ones (see, e.g., Figure 10 for ε) 0.5).
Another effect of the local free energies (g > 0) is that

we now find the scaling law V ∼ N-(1+R), with R > 0, for
the electrophoretic velocity of small polyelectrolytes. In
Figure 13, we have plotted the asymptotic exponent R
defined by

as a function of g0.5 for a low field intensity ε ) 0.01.
Although R ≈ 0 when g < 0.1, we observe that R ∼ g0.5
for large g’s. In our simulations, the velocity, for small
molecules, approaches a dependence as high as the -1.4
power of the length of the polymer for N < 10 (R ≈ 0.4).
This effect comes from the fact that local energies
change the scaling law for the tube disengagement time
of small polymers as seen in section 4.2. Our result
agrees with the experimental data obtained by Mayer
et al. in polyacrylamide gels.24 These authors found

that the low-field (polyacrylamide gel) electrophoretic
velocity can decrease as fast as N-1.6 for small single-
stranded DNA molecules (roughly for N < 15). Recent
experimental results with single-stranded DNA also
showed that at low fields one observes V ∼N-(1+R), with
R increasing linearly with the gel concentration.25 As
we can see in Figure 10, nonzero values of R can only
be observed for low field intensities, in agreement with
experimental data.24,25
The local free energies used in this model have

important effects on small molecules whereas Zimm and
Lumpkin found important effects for intermediate size
polymers. The difference comes from the definition of
the energy model; in the local free energy model, the
difference between the free energy of two conformations
scales as N0 whereas in Zimm and Lumpkin’s energy
model, it is proportional toN1/2. Since the electric forces
are strictly proportional to N1.0 for large values of Nε
(oriented molecules), both models must converge toward
the g ) 0 limit for high field intensities and/or large
molecular sizes. We do indeed observe this behavior for
both models.
4.4. The Diffusion Coefficient in an Irregular

Matrix. Figures 14 and 15 show log-log plots of the
diffusion coefficientD vs the sizeN of the polyelectrolyte
for different field intensities ε and for the energy

Figure 12. A log-log plot of the relative velocity Vg)5.0/Vg)0.0
vs molecular size N. The values of Vg)0.0 were calculated as
described in Appendix B.

R ) -lim
Nf1 (∂ log(V)∂ log(N)

+ 1) (36)

Figure 13. Asymptotic value of the exponent R vs the square-
root of the energy parameter g.

Figure 14. A log-log plot of the diffusion coefficient vs
molecular size N for the g ) 1.0 case.
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distribution width set to g ) 1.0 and 5.0, respectively.
Figure 16 shows the relative diffusion coefficient Dg/
Dg)0 as a function of the molecular size N for g ) 5.0.
(Note that we do not have data points for sizes larger
than N ) 250 for ε ) 0.5 since the steady state could
not be reached in this case.)
In order to understand the diffusion results, we must

keep in mind that in the presence of both an external
field and disorder, diffusion is due to a combination of
two different mechanisms. For low velocities, the
diffusion coefficient is simply related to the mean rate
1/t( at which the molecules jump. At high velocities,
however, the atypically deep local traps play a large role,
and the diffusion coefficient becomes proportional to
∆t(2/t(3. This last regime can be derived as follows. If
many molecules migrate together at high velocity (t(
, 1) and a few of them get trapped in a local (low-
energy) environment where t ≈ t( + ∆t(, the latter will
lag behind the group by a distance ∆x ∼ v∆t(, hence
giving a diffusion coefficient D ∼ ∆x2/t( ∼ ∆t(2/t(3.
For low field intensities, the local free energies

diminish the diffusion coefficient because the mean
jumping times increase exponentially with g (see section
4.2). Using the Nernst-Einstein relation Dc ) kBT/ê

or eqs 8 and 9 in the small N limit, we can relate the
electrophoretic velocity to the diffusion coefficient to
obtain the following relationship

Figure 17 shows a log-log plot of the “Nernst-Einstein
ratio” (Dg/Vg)2ε(N + 1) vs molecular size N. When g )
0, the ratio is equal to unity for small molecular sizes,
indicating that the Nernst-Einstein relation is valid in
this limit. On the other hand, when g > 0, the ratio is
always larger than unity.
Much like for velocities in the previous section, large

molecules and/or large fields lead to situations where
the electric forces dominate the local energies and the
diffusion coefficients slowly converge toward their g )
0 values. Again, this leads to very deep minima (see
Figure 15).
However, a new phenomenon is observed. In some

cases (see Figure 16), the ratio Dg/Dg)0 actually exceeds
unity. This surprising result is due to the mechanism
explained above where the deep traps created by the
g-energies increase the width ∆t( of the distribution of
jumping times. This increased width coupled to shorter
mean times t( leads to enhanced dispersion of the
molecules because D ∼ ∆t(2/t(3.
By comparing Figures 7 and 15, we also observed that

higher field intensities increase the diffusion coefficient.
Furthermore, the electric field dependence of the diffu-
sion coefficient is much stronger when local free energies
are present.

5. Conclusion
In this paper, we presented a mathematical model for

the diffusion of polymers and the electrophoresis of
polyelectrolytes in irregular matrices. Our model, which
adds local free energies to the standard biased reptation
model, actually provides a microscopic description of the
model first proposed by Zimm and Lumpkin.26 Using
the theory of stochastic processes, we have calculated
the basic parameters of the discrete random jumps
carried out by the polymer chain in its reptation tube
when an external field and/or local interaction energies
are present. Our formulation of the problem allows us
to study the subtle memory effects that are due to the
reptation dynamics in the presence of local interactions.

Figure 15. A log-log plot of the diffusion coefficient vs
molecular size N for the g ) 5.0 case. A line showing the
scaling law of 1/N(N + 1) is provided for comparison.

Figure 16. A log-log plot of the relative diffusion coefficient
Dg)5.0/Dg)0.0 vs molecular size N. The values of Dg)0.0 were
calculated as described in Appendix B.

Figure 17. A log-log plot of the “Nernst-Einstein ratio” (Dg/
Vg)2ε(N + 1) vs molecular size N for various cases.

Dg(N,ε) ) aj
2ε(N + 1)

Vg(N,ε) (37)
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The equations derived here can be used to study a
variety of problems. For example, it would be quite
interesting to study the diffusion of polymer chains in
matrices where the random energies g are correlated
over a distance λ > aj. For short chains such that Rg <
λ, we expect the molecules to get trapped in local, low-
energy volumes of size λ3. For larger chains such that
Rg >> λ, however, the chain is expected to effectively
reptate in a “rough” tube. This could be a realistic
model to study the effect of gel concentration inhomo-
geneities on polymer diffusion. In the presence of an
electric field, further effects are expected when the
electric forces orient short polymers and make them
move quickly between low-energy areas.
As an example of application, we have looked at the

local energy model studied by Zimm and Lumpkin.26
Because the energy landscape is uncorrelated and
annealed, the dynamics of the polymer is simply related
to the change in free energy at the ends of the tube at
each step. Therefore, the energy barrier affecting the
basic reptation jumps (of length aj) scales like ∆g(∼ gN0.
In comparison, Zimm and Lumpkin’s (ZL) coarse grain-
ing procedure led to jumps of length |hx| ∼ N1/2 (for low
fields). Not surprisingly, ZL’s results show that even
weak local interactions g can have dramatic effects on
both the diffusion coefficient and the electrophoretic
velocity. We believe that the coarse graining step
effectively led to a system with a correlation length λ ≈
|hx|.
Our treatment of this model, on the other hand, keeps

a strict correlation length λ ≈ aj. In the absence of a
field, our results predict a small increase of the molec-
ular-size dependence of the diffusion coefficient. This
comes from the fact that the local energies lead to
correlated jumps of the chain in its tube (consecutive
jumps in the same direction become less probable), thus
changing the scaling law for the tube disengagement
time to τ ∼ N/D ∼ N3+â, with â > 0. This subtle effect
of tube memory is lost if coarse-graining is used. We
also note that this effect is found only for small molec-
ular sizes, and that the standard scaling law D ∼ N-2

is recovered very naturally for large molecular sizes.
Our model thus predicts that deviations from the
standard reptation model are expected only for small
reptating molecules. Of course, the situation could be
quite different with long-range correlations (λ >> aj) or
quenched systems.
In the presence of an electric field, the situation can

become quite complicated. For low fields and low
molecular sizes, we simply get V ∼N-1-R, in agreement
with some experimental results on the gel electrophore-
sis of polyelectrolytes.22-25 For high fields, both the
diffusion coefficient and the electrophoretic velocity
converge toward their g ) 0 values since the electric
forces increase with molecular size while the effect of
the local energies does not. The intermediate case is
complicated and leads to very large mobility inversions,
as found by ZL, and increased diffusion. Such effects
have not been reported experimentally.
In conclusion, we have presented a set of generalized

stochastic equations to study the reptation of polymer
chains in the presence of local interaction energies. The
example studied in this article provides interesting
results that agree with some recent electrophoresis
experimental data. Quenched and correlated systems
along with the incorporation of the orientation factors
predicted by the biased reptation with fluctuation (BRF)

model represent the next logical step in this investiga-
tion of the effects of probe-matrix interactions in the
reptation model.
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Appendix A: Mean Duration and Variance of
the Jumps

The equation for the mean scaled first passage time
can be derived using eqs 24, 25, 26, 27, 28, 31, and 33.
For the special case where R ) -â ) -1 (uniform pore
sizes) and b(x) ) 1 (uniform diffusion coefficient), the
average duration (first moment) of a jump is given by
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where we have defined the following parameters to
simplify the result: C ) exp(u-), D ) exp(u(), E ) 1 -
C, F ) 1 - D and G ) 1 + C. The second moment of
the first passage time is given by

The variance of the first passage time is simply given
by

Appendix B: Electrophoretic Velocity and
Diffusion Coefficient
Approximate values for the electrophoretic velocity V

and the diffusion coefficient D can be calculated nu-
merically using the theoretical approach described in
ref 21. For instance, the following relation provides an
excellent approximation for V:

The 〈...〉 averages here are over a biased Gaussian
distribution function for the end-to-end distances hx.21
The followingMathematica program was used to gener-
ate the solid curves of Figure 6:

The theoretical expression for the diffusion coefficient
D(N,ε) is less precise than that for the velocity. The
diffusion coefficient is given by a sum of two terms,
D(N,ε) ) DT(N,ε) + D∆T(N,ε), where DT(N,ε) correspond
to the standard thermal diffusion

where σ2)(〈cos2θ〉 - 〈cosθ〉2) is the variance of the
average tube segment projection (calculated using eq
6). D∆T(N,ε), the component due to the width of the
distribution of jumping times, is given by

The following Mathematica program has been used to
calculate the diffusion coefficient (solid curves) in Figure
7:

For example, for a molecular size n ) 10 and a field
intensity e ) 0.10, we obtain:

MA970763F

t( ) 〈T((1,0)〉 )

2FEGu(
2 + 2u-u((u((C(4 - C - 2D) - 1) - FE2) - u-

2(2E(2F + u((1 + D)))

u(
2u-E(Eu( + Fu-)

τB

(A1)

t(
2 ) 〈T2((1,0)〉 ) [8E 2FGu(

5 +

u- (8EFu(
4(2Cu( - FG(C +2)) +

u- (8u(
3(-2DE 2FG +

u( (1 + D(-3 + C(7 - 2D(1 + 2C) +
C(11 - 3C))) + C(-3 + C(C - 5)) + 2CFGu()) +

u-(4u(
2(2EF(4 - 2CE + D(C(C - 4) - 1)) +

u((-2E(D(D - 3) - 1 + C(D(10 - 3D - 3C) - 1)) +
u((C(11 + C(C - 7)) - 1 + 4CD(D + 3C - 5)))) +

u-(8u((E
2F(5 + D) + u((D(D + 6) - 1 +

C(6 - C) + CD(2D + 6C + CD - 20) +
u((C(4 - C) - 1 + D(C(6 - 2D - 3C) - 3)))) +

u-(4E(-4F
2 + u((2F(1 + D) +

u((1 + D(D + 6)))))))))]tB
2/[Eu(

4u-
3(Fu- + Eu()

2]
(A2)

∆t2 ) t(
2 - (t()

2 (A3)

V(N,ε) = aj
NετB

〈δ tanh(δ)〉
〈δ-1 tanh(δ)〉

(B1)

DT(N,ε) = aj2σ2

2(N + 1)τB
〈Nδ tanh(Nδ)-1〉 (B2)

D∆T(N,ε) = aj2

τB
‚ 1
Nε2

‚
〈δ tanh(δ)〉2

〈tanh(δ)/δ〉3 [〈(tanh(δ)δ )2〉 -

〈(tanh(δ)δ )〉2] (B3)
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